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Abstract: A thermo field dynamics approach for calculating the entropy of a spacetime 
is suggested. It is exemplified through the Rindler spacetime, the Milne spacetime, the 
Boulware spacetime, and the Minkowski spacetime with a moving mirror that the entropy 
of a spacetime is equal to the entropy of a thermo quantum field with the same temperature 
of the spacetime we study. This in fact suggests an thermo field dynamics approach of 
calculating the entropy of a spacetime. In this approach, the entropy of a spacetime is an 
expectation value of the entropy operator on a thermo vacuum state. The thermo vacuum 
state is the vacuum state on the maximal manifold which is the maximal analytic extension 
of the spacetime we study. 
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1 Introduction 

Thermo field dynamics is a quantum field theory at finite temperature [1, 2], In thermo 
field dynamics, the statistical average of a physical quantity is represented by an expecta¬ 
tion value of an operator expressed by field operators on a temperature-dependent thermo 
vacuum state |0 (fi)}- For example, the entropy is the expectation value of an entropy op¬ 
erator on a thermo vacuum state |0 (/3)). In this paper, we apply thermo field dynamics to 
calculate the entropy of spacetime. 

In our scheme, for the calculation of the entropy of a spacetime, the entropy operator 
is constructed by thermo field dynamics and the thermo vacuum state |0 (/3)) is defined as 
the vacuum state on the maximal manifold which is the maximal analytic extension of the 
spacetime we study. 

The validity of the approach is exemplified by applying the approach to calculate the 
entropy of four kinds of spacetimes: the Rindler spacetime, the Milne spacetime, the Boul¬ 
ware spacetime, and the Minkowski spacetime with a moving mirror. We show that the 
result agrees well with literature. 

Many approaches are developed for the calculation of the entropy of a spacetime [3]. 
The first calculation is due to the similarity between the property of a black hole and the 
law of thermodynamics [4, 5]. The entropy of a black hole is then calculated by Euclidean 
quantum field theory [6]. By regarding the entropy of a black hole as an entanglement 
entropy between the exterior and interior of the horizon, one can also calculate the entropy 
of a spacetime [7, 8]. The black hole entropy can also be calculated by quantum geometry 
[9]. In string theory, the entropy of the AdS spacetime is obtained through the AdS/CFT 
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correspondence [10] due to the equivalence between the n + 1-dimensional AdS and the 
conformal field theory on the boundary [11], A relation between the black hole entropy and 
the conformal field on the horizon is discussed in ref. [12]. In ref. [13], the correspondence 
between AdS 2 and CFT\ is provided. The entropy of the BTZ black hole is discussed in ref. 

[14] . The entropy of a spherically symmetric system is given by the Liouville theory in ref. 

[15] . The central charge of the conformal field which is related to the entropy is obtained 
according to the symmetry of the system in ref. [16]. The entropy can also be obtained 
by counting D-brane states [17]. A derivation of the entropy based on the microstates of 
CFT is given by [18]. In loop quantum gravity [9], the entropy is obtained by counting the 
microscopic states of a black hole and some efforts are devoted to match the loop-quantum- 
gravity entropy with the Bekenstein-Hawking entropy [19-24], The entropy of a black hole 
can also be calculated as a Noether charge associated with the horizon Killing field [25-27]. 

In section 2, we provide a brief review of thermo field dynamics. In section 3, we con¬ 
struct the thermo field dynamics approach for the calculation of the entropy of a spacetime. 
In sections 4, 5, 6, and 7, as exemplification, we calculate the entropy of the Rindler space- 
time, the Milne spacetime, the Boulware spacetime, and the Minkowski spacetime with a 
moving mirror. The conclusion is given in section 8. 

2 Calculating entropy: A brief review of thermo field dynamics 

In this section, we provide a brief review of thermo field dynamics [1, 28, 29]. 

In thermo field dynamics, the statistical average of a physical operator F at a temper¬ 
ature T = 1//3 is replaced by an expectation value of F on a thermo vacuum state: 

(f) = Tr (Fe^) = (0 (/3)| F |0 (/?)), (2.1) 

where the thermo vacuum state |0(/3)) is a temperature-dependent vacuum state defined 
by 

l°(^)> = ^=y^ e_/3En l n ) 1^)' ( 2 - 2 ) 

Here, for zero chemical potential cases, Z ((3) = Y n e ~^ En is the partition function, the 
eigenvalue E n and eigenvector | n) are determined by H \n) = E n |n), and |n) is the eigen¬ 
vector of the corresponding fictitious system [1], The fictitious system represented by the 
tilde state | h) is interpreted as the hole of the physical particle in |n) [1]. 

To calculate the entropy of a spacetime by thermo field dynamics is just to calculate 
the thermo vacuum expectation value of the entropy operator of the spacetime, i.e., 


5 = <0(/?)| S|0 (/?)>. 


(2.3) 

The entropy operator in thermo field dynamics reads [1] 



S = — ^ [frpfep lnsinh 2 6 P (/3) — b p b^ p In cosh 2 9 P (/3) 

p 

, bosonic, 

(2.4) 

S=-'£ [fej^p In sin 2 6 P (/ 3) - In cos 2 6 p (/3) , 

fermionic, 

(2.5) 







where bp and b p are creation and annihilation operators and [1] 



( 2 . 6 ) 



(2.7) 


with = |p|, are Bose-Einstein and Fermi-Dirac distributions, respectively. 

3 Thermo field dynamics approach for entropy of spacetime 

In this section, we construct the approach for calculating the entropy in the frame of 
thermo field dynamics. In next sections, as exemplification, we will calculate the entropy of 
the Rindler spacetime, the Milne spacetime, the Boulware spacetime, and the Minkowski 
spacetime with a moving mirror and compare them with literature. 

The key step in thermo field dynamics is to construct the thermo vacuum state |0 (/3)). 
To calculate the entropy of a spacetime, we choose the thermo vacuum state as the vacuum 
state on the maximal manifold, or, the maximal spacetime. 

The maximal manifold is the maximal analytic extension of the spacetime we study. 
In the maximal manifold every geodesic is either of infinite length in both directions or else 
ends or begins on a singularity [30]. The maximal manifold is described by the complete 
atlas [31]. The spacetime we study is a submanifold of the maximal manifold, and the 
maximal manifold can be achieved by the maximal analytic extension of the spacetime we 
study. Take the Rindler spacetime as an example. The Rindler spacetime is the region 
that an accelerated observer with constant acceleration sees. The boundary of the Rindler 
spacetime has no singularity at all. The Rindler spacetime can be analytically continued to 
the Minkowski spacetime by a coordinates transformation [32], The Minkowski spacetime 
covers not only the Rindler spacetime, but also the region besides the Rindler spacetime, 
or, the Rindler spacetime is a subspace or submanifold of the Minkowski spacetime. No 
other spacetime covers larger region than the Minkowski spacetime does. Therefore, the 
Minkowski spacetime is a maximal manifold. Moreover, the Minkowski spacetime is the 
unique maximal spacetime corresponding to the Rindler spacetime according to the unique¬ 
ness of analytic continuation. 

After analytically continuating the spacetime we study to the corresponding maximal 
manifold, we have two kinds of spacetimes. On each of them, we can define a set of creation 
and annihilation operators, respectively: on the maximal manifold, at and a u ', on the 
spacetime we study, b ^ and b q. Furthermore, we can define two vacuum states by the 
corresponding annihilation operators: 


CLu, | 0 „) = 0 


(3.1) 


defines the vacuum state |0 a ) on the maximal manifold; 


bn 10 b ) = 0 


(3.2) 


defines the vacuum state |0b) on the spacetime we study. 




In the approach, the thermo vacuum state is chosen as the vacuum state on the maximal 
manifold, |0 a ). 

Concretely, consider a real scalar field. Define creation and annihilation operators, b ^ 
and bn, on the spacetime we study, such as the Rindler spacetime, etc. Furthermore, define 
creation and annihilation operators, and a u , on the corresponding maximal manifold. 
Note that u E (—00,00) and Q E (—00,00). For conformally flat cases, these two sets 
of creation and annihilation operators can be related by the Bogoliubov transformation 
[32, 33], 


bn = 



did ( OL^n^u) 




The transformation coefficients a u n and (3 u n satisfy 



OuneCn' - A-n&n') = 8 {tl-tf). 


Particularly, for Q = Q', we have 



Oi u n 


2 



5(0). 


(3.3) 


(3.4) 


(3.5) 


For a real scalar field, by eqs. (2.4) and (2.3), the entropy S = (0 o | S'|0 a ), the expec¬ 
tation value of the entropy operator S on the vacuum state |0 a ): 


5 = -E [^° a l b n bn l°“) l n sinh 2 6 P (/?) - (0 a | bnb ] n |0 a ) In cosh 2 9 P (/?) 

p 


(3.6) 


Substituting the Bogoliubov transformation (3.3) into eq. (3.6), we arrive at 


p 



a u n 1 2 ln cosh 2 9 P (/3) - \/3 u n\ 2 In sinh 2 9 P (f3) 


(3.7) 


Substituting the Bose-Einstein distribution (2.6) and cosh 2 9 P (ft) = e^ p / (e^ p — l) which 
is given by eq. (2.6) into eq. (3.7), we obtain 

5 = ( ln Jn p P _ 1 ( ^ duj l«^l 2 - ln e ml-i duj l/3 - n|2 ) ’ (3 - 8) 


where D p = |Q|. 

In a word, once the Bogoliubov transformation (3.3) is constructed, one can directly 
obtain the entropy by eq. (3.8). 

It should be emphasized that though the Bogoliubov transformation (3.3) is valid for 
conformally flat cases, the method constructed above can be applied to more general cases. 
We will discuss the application of this method to non-conformally flat cases further later. 
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4 Entropy of Rindler Spacetime 


The Rindler spacetime. The Rindler spacetime is the region that an accelerated observer 
with constant acceleration a sees, characterized by the metric [30, 32, 34] 

ds 2 = e 2a « (dr 2 - di 2 ) ~ dy 2 - dz 2 . (4.1) 

The maximal manifold of the Rindler spacetime is the Minkowski spacetime: 

ds 2 = dt 2 — dx 2 — dy 2 — dz 2 . (4.2) 

The coordinates in the metric (4.1), (r, £), and the coordinates in the metric (4.2), (t,x), 
are connected by [32] 

t = -e a ^ sinh (ar), x = -e a ^ cosh (ar). (4.3) 

a a 

The real scalar field. Consider real scaler fields in the Minkowski spacetime and in 
the Rindler spacetime. In the Minkowski spacetime, denote the creation and annihilation 
operators as all and a u ', in the Rindler spacetime, denote the creation and annihilation 
operators as 6^ and b q. 

The vacuum state in the Minkowski spacetime |0 m) is defined by 

|0m) = 0. (4-4) 

For massless cases, we have |w| = |k| in the Minkowski spacetime and 10| = |p| in the 
Rindler spacetime. 

The entropy of the Rindler spacetime. As analyzed in section 3, the entropy Sr = 
(0m| Sr |0m) is the expectation value of Sr on the corresponding thermo vacuum — the 
vacuum of the Minkowski spacetime |0 m)- 

The Bogoliubov transformation coefficients in eq. (3.3), and satisfy [32] 

|«a,a| 2 = e^l|^n| 2 , (4.5) 


where fi = 27T /a. Substituting eq. (4.5) into eq. (3.5), we arrive at 

1 


/ OO | 

dw\fi^\ 2 = { 6(0). 

-oo c - 1 - 


(4.6) 


Substituting the relation (4.5) with = |fl| into eq. (3.8) and using (4.6), we obtain 


Sr = 6(0)Y^ 


P L 


fi\n\ 




e /3|C| _ i 


-ln(e^'-l) 


(4.7) 


For 1 + 3 dimensions, converting the summation into an integral, —> \n r Q 2 dfi, 

where |fl| = |p|, gives 

167T 5 

Sr =45^ S(0) - (4 ' 8) 
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Here <5 (0) represents the volume of the Rindler spacetime: 5 (0) = j c' p x 



The entropy then reads 



(4.9) 


This result agrees with the result given in ref. [35]. 

5 Entropy of Milne spacetime 

The 1 + 1-dimensional Milne spacetime. The Milne spacetime is the region of the future 
lightcone of a given point in the Minkowski spacetime [36, 37], which can be, for exam¬ 
ple, regarded as the empty universe of the FLRW model [38]. The Milne spacetime is 
characterized by the metric 


ds 2 = e 2ar ( dr 2 - df) . 


(5.1) 


The maximal manifold of the Milne spacetime is the Minkowski spacetime 


ds 2 = dt 2 — dx 2 . 


(5.2) 


The coordinates in the metric (5.1), (r, £), and the coordinates in the metric (5.2), (t,x), 
are connected by 


t = -e ar cosh (a£), x = -e aT sinh (a£). 


(5.3) 


a a 


The real scalar field. The creation and annihilation operators of a real scalar held in 


the Minkowski spacetime are a! and o w , and in the Milne spacetime are b and b q. 
The vacuum state in the Minkowski spacetime |0 m) is defined by 


au | 0 m) = 0 . 


(5.4) 


The entropy of the Milne spacetime. Similarly, the entropy Smu = (0m| Smu |0m) is 


the expectation value of Smu on flic corresponding thermo vacuum — the vacuum of the 
Minkowski spacetime |0 m}- 

The Bogoliubov transformation coefficients in eq. (3.3), a u sj and satisfy 



(5.5) 


where (3 = 2n/a. By the same procedure in section 4, we obtain the entropy: 



(5.6) 


We then have 



6 - 


(5.7) 











Converting the summation into an integral —y dfl, where 17 = |p|, give 


Smu = 7^6 (o). 

Here 6 (0) represents the volume of the Milne spacetime: <5 (0) = Lj (27r). 
The entropy then reads 

Smi = 


(5.8) 


(5.9) 


6 Entropy of Boulware spacetime 


The Boulware spacetime. The Boulware spacetime is the region outside a Schwarzschild 
black hole which is described by the tortoise coordinate (f,r*) [32], 

ds 2 = ^1 — (dt 2 — dr 2 ) — r 2 ( d 2 d + sin 2 9d(j) 2 ) , (6.1) 

where r* = r + 2 M In r ~ 2 ^' f . 

The maximal manifold of the Boulware spacetime is the Kruskal-Szekeres spacetime 
described by the Kruskal-Szekeres coordinate (t, r ), 

ds 2 = — e - r /( 2M ) (dt 2 - dr 2 ) - r 2 (d 2 0 + sin 2 9dtf) . (6.2) 

The Kruskal-Szekeres coordinate (t, r) and the tortoise coordinate (t, r*) are connected by 
[30, 32] 

t = 4Me r */( 4M ) sinh-, r = 4Me r *^ 4M ^ cosh-. (6-3) 

4M ’ 4M v ; 

The real scalar field. In the Kruskal-Szekeres spacetime, denote the creation and an¬ 
nihilation operators as at and a u ; in the Boulware spacetime, denote the creation and 
annihilation operators as 6^ and 

The vacuum state in the Kruskal-Szekeres spacetime |0 a') is defined by 

Ou |0a> = o. (6.4) 


For massless cases, we have |u;| = |k| in the Kruskal-Szekeres spacetime and |17| = |p| in 
the Boulware spacetime. 

The entropy of the Boulware spacetime. As above, the entropy Sb = (0at| Sb |0a) is 
the expectation value of Sb on the corresponding thermo vacuum — the vacuum of the 
Kruskal-Szekeres spacetime |0 a)- 

The coefficients, a w sj and ftuSh of the Bogoliubov transformation between at, a^ and 
bfi satisfy [32, 39] 

\acjfi\ 2 = \/3 UJ n\ 2 , (6.5) 


where f3 = 
spacetime: 


8irM. By the same procedure in section 4, we obtain the entropy of the Boulware 


S B 


16t r 5 
45/33 


6 ( 0 ) 


2t r 2 
45/3 3 


V. 
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Taking the volume as V = |7rr 3 gives 




8tt 3 3 

-r 

135/3 3 


(6.7) 


This result agrees with the brick wall model [40]. In ref. [40], for calculating the entropy 
of a Schwarzschild black hole, t’ Hooft constructs the brick wall model. In the brick wall 
model, one equates the entropy of the Bose gas outside the black hole with the entropy of 
the Schwarzschild black hole. 


7 Entropy of Minkowski spacetime with a moving mirror 


Placing a moving mirror in a spacetime is equivalent to setting an appropriate boundary 
condition [41, 42], 

The 1 + 1-dimensional Minkowski spacetime with a moving mirror. A Minkowski space- 
time with a moving mirror as a boundary can be characterized by the metric [41, 42] 


ds 2 = dt 2 — dx 2 , 


with the boundary 


x = Z (t) 


—t — Ae 2nt + B, t > 0 
0, t < 0 


(7.1) 


where A, B, and n are constants. 

The corresponding maximal manifold of such a spacetime is the Minkowski spacetime 
without boundaries. In the following, we call the Minkowski spacetime without bound¬ 
aries the in spacetime and the Minkowski spacetime with a moving mirror (7.1) the out 
spacetime. More detailed descriptions can be found in refs [41, 42], 

The real scalar field. In the in spacetime (without boundaries), denote the creation 
and annihilation operators as afi and a u ] in the out spacetime (with boundaries), denote 
the creation and annihilation operators as b q and 

The vacuum state in the in spacetime |0j n ) is defined by 


O’UJ |0in) — 0. 


(7.2) 


The entropy of the out spacetime. The entropy of the out spacetime S ou t = (0j n | S ou t |0j n ) 

is the expectation value of S ou t on the corresponding thermo vacuum-the vacuum of 

the in spacetime |0i ra ). 

The coefficients, a^n and fi^n. in the Bogoliubov transformation between al, a u and 
bh, bo, satisfy [42] 

|<Tjfi| 2 = e/3 ° |Ajn| 2 j (7.3) 

where j3 = 2tt/ n. By the same procedure in the above sections, we obtain the entropy: 


Sout = 


fin 




e pn _ i 




6 ( 0 ). 
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(7.4) 







Converting the summation into an integral fo° dfl with 17 = \p\ gives 

5 ou t = —<5 (0) = —L, (7.5) 

where L is the volume. 

In the out spacetime, the observer sees particles created from the mirror. The physical 
picture is that the particle in the Minkowski spacetime (in spacetime) moves to the mirror 
and then is reflected into the out spacetime. In other words, the out spacetime is not an 
isolated system, it can exchange particles and energy with the maximal manifold. The 
moving mirror here plays a role similar to the horizon of a black hole. 

8 Conclusion 

In this paper, we suggest a thermo-field-dynamics approach for the calculation of the entropy 
of spacetimes. The approach is exemplified through calculating the entropy of the Rindler 
spacetime, the Milne spacetime, the Boulware spacetime, and the Minkowski spacetime 
with a moving mirror. 

In this scheme, the entropy of a spacetime is an expectation value of the entropy 
operator on a thermo vacuum state |0(/3)) which is the vacuum state of a quantum field 
in the maximal manifold of the spacetime we study. Concretely, first analytically continue 
the spacetime to its maximal manifold. Then define the field, in our case a scalar field, on 
both the spacetime and its maximal manifold. The field at the same point on the spacetime 
and on its maximal manifold, clearly, must be equal to each other. This determines the 
coefficients of the Bogoliubov transformation which connects the fields on the spacetime 
and its maximal manifold. 

It is known that there is no generally accepted definition of the entropy of spacetime. 
Historically, the entropy of spacetime was introduced by a non-rigorous analogy between the 
horizon area and the entropy [43-46]. Bekenstein showed that there is a way to understand 
the entropy of spacetime just as that in statistical mechanics: the logarithm of the number 
of all the possible states which can form a black hole. Moreover, there are many attempts 
on the explanation and calculation of the entropy of spacetime. For example, regard the 
entropy of a black hole as a Noether charge [25-27], explain the entropy of a black hole 
as a topological contribution to the Euclidean action integrals [6, 47], explain the entropy 
as the logarithm of the number of the states of the quantum states of the geometry of 
the horizon in quantum geometry theory [9], equal the entropy of a black hole with the 
logarithm of the number of the states of the conformal field on the boundary of the black 
hole by the AdS/CFT correspondence [10, 12, 13], or regard the entropy as the logarithm 
of the number of the D-brane states [17], etc. An important explanation of the entropy of 
spacetime is the entanglement entropy. The discovery of black-hole radiation [39] allows us 
to explain the entropy of spacetime as an entanglement entropy [48]. The quantum field on 
the exterior of the black hole is in a mixed state. The entanglement entropy comes from 
the quantum field correlations between the exterior and interior of the horizon [3]. The 
entanglement entropy has been adopted by many authors [7, 8, 49]. The entropy we have 
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calculated above is the entropy of a thermal equilibrium massless Bose gas outside the black 
hole. Such an entropy is essentially an entanglement entropy. 

Moreover, if regarding the entropy of a spacetime as an entanglement entropy, one 
encounters a problem — the species problem [43]. The Hawking radiation emits all species 
of particles and then the entropy should depend on the number of the species of particles. 
There are some discussions of the species problem. For example, Sorkin and ‘t Hooft 
suggest that the entropy is a summation of all contributions of all species of particles [43] 
and Jacobson [50] and Susskind [49] consider the possibility of correcting the gravitational 
constant G. In the future research, to study the species problem, we will consider the 
fermionic contribution to the entropy by the thermo held dynamics approach. 

The non-conformally hat case is also an important issue [36, 51]. The method estab¬ 
lished in the present paper can also be applied to such cases, which will be discussed further 
later. 

Furthermore, the thermo held dynamics approach suggested in the present paper can 
also be applied to the calculation of other thermodynamic quantities of a spacetime. All 
thermodynamic quantities are expectation values of their corresponding operators which 
is dehned in thermo held dynamics on the thermo vacuum state |0 (/?)). In particular, 
the partition function Z (/3) = (0 (/3)\ |0 (/3)) is the Euclidean action of the system. 
This means that we can study quantum held theory in curved space using the approach. 
Moreover, the partition function is also the global heat kernel by which one can calculate 
many quantities in quantum held theory, such as one-loop effective actions, vacuum energies, 
and spectral counting functions [52, 53]. 
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